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Abstract
Consider a fiber-preserving map of the total space of a fibration-like, proper surjection whose
graded Leray sheaf is trivial. There is a Lefschetz number of this map, and a Lefschetz number for
the map restricted to any fiber. We prove that the former is the product of the latter with the Euler
characteristic of the base space. The result is based on a extension of the Hopf trace formula to
finitary spectral sequences over fields.
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1. Introduction
The Lefschetz number of a continuous function f :X→ X, where X is (for example)
a compact ANR, is most known as a criteria by which one may detect the existence of a
fixed point (see [13]). Classically, the Lefschetz number was known as the total winding
number of a complex map about its fixed points, hence giving insight into the multiplicities
and structure of the map. Becker et al. in [1], studied fiber-preserving maps of fibrations
f :E → B and, from a Lefschetz number result, derived fiber-smoothing theorems in
the case that B is a closed smooth manifold and F , the fiber(s), is a finite complex.
In this paper, we study a restricted class of more general maps, upper semicontinuous
decompositions whose decomposition map sports a trivial Leray sheaf. These encompass
topological creatures such as trivial fibrations with compact fibers, but are allowed to have
fibers of differing homotopy type and may not have, say, the homotopy lifting property.
E-mail address: dsnyder@swt.edu (D.F. Snyder).
0166-8641/02/$ – see front matter  2002 Elsevier Science B.V. All rights reserved.
PII: S0166-8641(02) 00 11 6- 5
240 D.F. Snyder / Topology and its Applications 128 (2003) 239–246
So we did not expect to have as powerful a result as in [1]. However, we did derive the
following relation, which apparently has been overlooked in the literature on Lefschetz
numbers, including the paper cited above. This result also generalizes a result of Snyder
in [5].
Theorem 1.1. Let f :E → B be the decomposition map of a metric space E of
finite cohomological type. Suppose that the decomposition elements are also of finite
cohomological type and that H∗[f ;Q], the Leray sheaf of f , is a trivial graded sheaf.
Let g :E→E be a map such that g ◦ f = f , i.e., g is fiber-preserving. Let gb denote the
restriction map g|f−1(b), where b ∈ B . Then λ(f )= λ(gb) · χ(B), where λ(f ),λ(gb) are
the Lefschetz numbers of f and gb , respectively.
We conjecture that this theorem holds more generally in the case whereH∗[f ;Q] is locally
trivial off of a locally finite subset of B .
2. Background material
In this section, we establish our notational conventions and state some fundamental
results from algebraic topology, homological algebra, and sheaf theory that are used in
deriving the main results. Many results are valid under more general hypotheses, but for
simplicity we restrict ourselves to what is needed for the results in this paper.
We make the following standing assumptions for this paper. We let Z and Q represent
the ring of integers and field of rational numbers, respectively. We will assume manifolds
are without boundary unless specifically stated otherwise. Let E be a metric space of
finite cohomological type over Q and f :E→ B a closed, proper surjection that does not
raise dimension. We find it helpful to regard f as the decomposition map of an upper
semicontinuous decomposition of E that does not raise dimension. Suppose that each
decomposition element f−1(b) has the cohomology type of a finite complex; for example,
f−1(b) may have the shape [7] of a (compact) k-dimensional ANR, for all b ∈ B . In
particular, f may be a fiber-bundle map, fibration or approximate fibration, with compact,
manifold fibers. We adopt the notational convenience Eb = f−1(b), where b ∈ B , as in
bundle theory. g :E → E a map such that g ◦ f = f . Let gb denote the restriction map
g|Eb :Eb →Eb.
2.1. Spectral sequences
The reader needing more background on this subject is referred to [3,4,8,10,13]. This
section comprises a brief review in order to establish our notation in the context of this
paper. Let F be a field. By a [finitary] graded vector space over F, we mean a [finite]
collection W = {Wq | q ∈ Z} of [finite-dimensional] vector spaces over F. If, in addition,
there is a differential d :W →W of degree +1, then we refer to (W,d) as a complex.
A [finitary] bigraded vector space over F is a [finite] collection W = {Wp,q | p,q ∈ Z}
of [finite-dimensional] vector spaces over F. A homomorphism d of bidegree (a, b) ∈
Z × Z on W is a collection of vector space homomorphisms dp,q :Wp,q → Wp+a,q+b ,
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where p,q ∈ Z. In addition, d is called a differential if dp+a,q+bdp,q = 0 for all p,q . In
this case, we can define Hp,q(W,d)= kerdp,q/ imdp−a,q−b.
Important to recognize is the fact that if we set Wn =∑p+q=nWp,q , then (W,d) is a
complex of (bigraded) vector spaces.
Consider a collection of pairs {(Wr, dr) | r ∈ Z} where each Wr is a bigraded vector
space over F and dr is a differential of bidegree (r,1− r) on Wr . That is, for any p,q ∈ Z,
we have vector space homomorphisms dp,qr :W
p,q
r →Wp+r,q−r+1r and dp,qr dp+r,q−r+1r =
0. In particular, {(Wr, dr)} is called a spectral sequence if Wr+1 = H(Wr, dr), the
homology of Wr under the differential dr , for all r . Letting Zp,qr = kerdp,qr and Bp,qr =
imdp−r,q+r−1r , we get bigraded subcomplexes of Wr denoted Zr and Br , respectively. So
we write Wr+1 =H(Wr)=Zr/Br , suppressing superscripts. In our applications, the only
terms we need consider have r  2 and are first-quadrant, i.e., p,q  0. Moreover, it will
always be the case for us that W2, the second term in the spectral sequence, will be finitary;
hence every term in the spectral sequence will be finitary.
The third isomorphism theorem leads to this observation
0⊂ B2 ⊂ · · · ⊂ Br ⊂ Br+1 ⊂ · · · ⊂Zr+1 ⊂Zr ⊂ · · · ⊂ Z2 ⊂W2.
So we can define Zp,q∞ =
⋂
r Z
p,q
r and Bp,q∞ =
⋃
r B
p,q
r . From this, we define Wp,q∞ =
Z
p,q∞ /Bp,q∞ , the limit term of the spectral sequence. Suppose now that there is a filtered
group H whose associated graded group is W∞. We will then say the spectral sequence
converges to H and denote this fact by
W
p,q
2 ⇒ H.
We define an endomorphism φ :W →W of a spectral sequence W = (Wr, dr) to be a
collection of bigraded vector space endomorphisms of bidegree (0,0), denoted φr :Wr →
Wr , such that φrdr = drφr for all r , and the induced map on homology φ∗r = φr+1. Then φ
induces an endomorphism φ∞ :W∞→W∞ of the limit term.
2.2. The Leray sheaf
The reader is referred to [4] for a practical introduction to Leray sheaves and the Leray
spectral sequence. A more thorough and general study can be found in [3]. The articles by
Snyder [11,12] and by Snyder and Daverman [5] also have material that is relevant to this
paper.
Let S be a sheaf on E. Given q  0, the Leray sheaf on B induced by f in dimension q
with coefficients in S is denoted by Hq [f ;S]. For each b ∈ B , the stalk Hq [f ;S]b is
isomorphic to Hq(Eb;S). In this paper, the sheaf S will be the constant sheaf E × F,
where F is a field. And since we are principally interested in applications where each fiber
f−1(b) has the shape of an ANR, we may interpret Hq(Eb;S) ∼=Hq(Eb;F)= Hq(Eb)
as either sheaf or ˇCech cohomology.
The sheaf Hq [f ;Q] is trivial (or constant) over B if there is a Q-module Mq such that
Hq [f ;Q] is sheaf-isomorphic to the sheaf Mq ×B over B .
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2.3. The Leray spectral sequence
The Leray spectral sequence of a map f :E → B relates the cohomology of B with
coefficients in the Leray sheaf to the cohomology of E. We state a restricted version of the
general theorem suitable for our purpose here; see [3] for a full-blown version.
Theorem 2.1 (Leray–Grothendieck). Let h :X → Y be a closed map of metric spaces.
Then there is a second quadrant spectral sequence such that
E
p,q
2 =Hp
(
Y ;Hq[h;Q])⇒Hp+q(X;Q).
The principal features of this spectral sequence that we wish to exploit are:
(1) For all p,q  0, Ep,q2 =Hp(Y ;Hq[h;Q]).
(2) For all p,q  0, Ep,q∞ =Hp+q(X;Q).
(3) For each n  0, there is a filtration J0 ⊂ J1 ⊂ · · · ⊂ Ji ⊂ Ji+1 ⊂ · · · ⊂ Jn where the
quotient module Ji+1/Ji =Ei,n−1∞ .
2.4. The effect of tensoring on trace
Let A,B be F-modules with respective bases {a1, a2, . . . , ak}, {b1, b2, . . . , bl}, where
k, l > 0 are integers. Let hA,hB be F-module endomorphisms, respectively, of A and B
with matrices A = [ai,j ], B = [bi,j ] relative to the given bases. In particular, hA(ai) =
Aai = ai,iai and hB(bi) = Bbi = bi,ibi . Let tr(hA), tr(hB) denote the traces of the
endomorphisms. There is a unique F-module homomorphism
h= hA ⊗ hB :A⊗B→A⊗B
induced by hA and hB . Let idB denote the identity endomorphism of B .
Lemma 2.2. tr(hA ⊗ idB)= tr(hA) · tr(idB)= tr(hA) · l.
Proof. Note (see [9, p. 215]) that A⊗B has
{ci,j = ai ⊗ bj | 1 i  k, 1 j  l}
= {c1,1, c2,1, . . . , ck,1, c1,2, c2,2, . . . , ck,2, . . . , ck,l}
as an ordered basis (we use the dictionary order of the reversed indices), which we use
to calculate the trace of h = hA ⊗ idB . Also, tr(hA) = tr(A) =∑ki=1 ai,i and tr(idB) =
tr(Il)= l, where Il represents the identity matrix of rank l.
Now (hA ⊗ idB)(ci,j ) = hA(ai) ⊗ bj = (∑kp=1 ap,iap) ⊗ bj =∑kp=1 ap,i(ap ⊗ bj ).
Thus the matrix C of hA ⊗ idB relative to the basis given above is the kl × kl matrix:
C=


A 0 · · · 0
0 A · · · 0
...
...
. . .
...
0 0 · · · A

 .
Clearly tr(C)= l · tr(A). This establishes the result. ✷
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3. The extended Hopf trace formula
Let h :V → V be an endomorphism of a finite-dimensional vector space over F. We
denote the trace of h by tr(h). If h = {hq} :V → V is a degree 0 homomorphism of a
finitary graded vector space V = {V q | q ∈ Z}, we define the Lefschetz number λ(h) by
the formula
λ(h)=
∑
(−1)q tr(hq).
In the case that (V , d) is a finitary complex and h commutes with the differential, the
following classical Hopf trace formula equates the Lefschetz number of h with its induced
homology homomorphism h∗.
Theorem 3.1 (Hopf trace formula). λ(h)= λ(h∗).
Let W = {Wp,q} be a finitary bigraded vector space over F. Let h :W → W be
an endomorphism of bidegree (0,0). Let Wn be the direct sum of vector spaces∑
p+q=nWp,q and hn :Wn →Wn the map induced by h. Then, following the previous
definition, we have the Lefschetz number λ(h) by the formula
λ(h)=
∑
n
(−1)n tr(hn)=∑
n
∑
p+q=n
(−1)p+q tr(hp,q).
Let W = {(Wr, dr ) | r  2} be a finitary spectral sequence, where Wr = {Wp,qr }. Let
h = {hr } :W → W be a spectral sequence endomorphism. Then for each r , we have
defined the Lefschetz number λ(hr). Moreover, from the fact that h∗r = hr+1, we claim
the equality of the Lefschetz numbers λ(hr )= λ(hr+1). It then follows that λ(hr)= λ(hs)
for all r, s  2. Since the spectral sequence is finitary, there is an R such that for all r R
we have WR =Wr and, thus, WR ∼= W∞. In particular, it follows that λ(h2) = λ(h3) =
· · · = λ(h∞).
In order to see the equality λ(hr) = λ(hr+1) claimed in the previous paragraph, let
Wnr be the direct sum
∑
p+q=nW
p,q
r , and identify Wr with the graded vector space
{Wnr | n ∈ Z}. We define a homomorphism δnr :Wnr → Wn+1r by setting δnr |Wp,qr = d
p,q
r .
Note that δn+1r δnr = 0. In this way, we have defined a differential δr :Wr →Wr of degree
r + (1− r)=+1, and (Wr, δr ) is a complex. Moreover, under this differential, hr is chain
map, since
(hrδr )|Wp,qr = hrδ
p+q
r |Wp,qr = h
p,q
r d
p,q
r = dp,qr hp,qr = (δr |Wp,qr )hr = (δrhr )|Wp,qr .
So we can apply the classical Hopf trace formula to get λ(hr) = λ(h∗r ) = λ(hr+1), as
claimed.
We define the Lefschetz number of the spectral sequence endomorphism h to be
λ(h)= λ(h2).
4. Main result
Let E be, or have the shape of, a finite-dimensional, connected, separable, metric ANR
and f :E → B a closed, proper surjection with locally constant Leray sheaves (in all
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dimensions). If A⊂ B , we denote f−1(A) by EA; if A is a singleton with element b ∈ B ,
we will write Eb . We will assume that each Eb has the shape of a finite-dimensional
(compact) ANR.
Now let g :E→E be a “fiber-preserving” map such that fg = f .
E
g
f
E
f
B
As long as the cohomology of E is finitely generated (for example, E is a compact ANR),
the Lefschetz number λ(g) is well-defined. Moreover, for any b ∈ B , the Lefschetz number
λ(g|Eb ) is well-defined (from now on, we will shorten g|Eb to gb).
Theorem 4.1. Under the hypotheses above, λ(g)= λ(gb) · χ(B), where χ(B) is the Euler
characteristic of B .
Proof. The strategy of the proof is as follows: the map g induces a map g on {Wr | r  2}
the Leray spectral sequence of f . Let γr be the restriction of g to the Wr . We will show that
λ(gb) · χ(B) = λ(γ2) and λ(g) = λ(γ∞), which establishes the result since, as observed
earlier, λ(γ2)= λ(γ∞).
Let iB be the identity map on B . Let F = E × F be the constant sheaf on E with
stalks isomorphic to the field F. Let σ :E→ F represent the global section equal to the
multiplicative identity of F on any stalk of F . There is a natural g-cohomorphism
g† = {g†x} :F F
defined by g†(g(x),α)= (x,α). Then g† leads to an iB -homomorphism of Leray sheaves
g‡ :H∗[f ;F ]H∗[f ;F ],
where it is routine to check that for each b ∈ B the restriction to the stalk
g
‡
b :H∗[f ;F ]b →H∗[f ;F ]b
can be naturally identified with the induced map (gb)∗ on the cohomology ofEb = f−1(b).
As the Leray sheaves are constant, the map g‡ can be identified with the product of iB with
(any) one of these g∗b .
Thus γ2 is determined completely by its action on the coefficient sheaves.
The Leray sheaves are constant sheaves. So, since the field F is torsion-free, the
Universal Coefficient Theorem yields Ep,q2 ∼= Hp(B;F) ⊗ Sq , where Sq represents
Hq(Eb;F). Note that all isomorphisms in question are natural; and the Leray spectral
sequence is natural [3, p. 222, Subsection 6.2]. In particular, we may consider γ p,q2 as
an endomorphism of Hp(B;F)⊗ Sq that is the identity on the first factor of the torsion
product. In particular, γ p,q2 = ipB ⊗ gqb . Now, we apply Lemma 2.1 to compute
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λ(γ2) =
∑
n
∑
p+q=n
(−1)p+q tr(γ p,q2 )=
∑
q
(−1)q
∑
p
(−1)p tr(γ p,q2 )
=
∑
q
(−1)q
∑
p
(−1)p tr(ipB ⊗ gqb )=
∑
q
(−1)q
∑
p
(−1)p(tr(ipB) · tr(gqb ))
=
∑
q
(−1)q
(
tr
(
g
q
b
) ·∑
p
(−1)p tr(ipB)
)
=
∑
q
(−1)q(tr(gqb ) · χ(B))
=
(∑
q
(−1)q tr(gqb )
)
· χ(B)= λ(gb) · χ(B).
Moreover, we have, again by the naturality of the Leray spectral sequence, that γ∞ is the
graded homomorphism associated to the homomorphism
H ∗(E;F )→H ∗(E;F )
induced by g†, which is naturally the cohomology endomorphism g∗ induced by g. Briefly,
there is a filtration of F-modules
0⊆ J0 ⊆ · · · ⊆ Jn =Hn(E;F ),
where J0 = En,0∞ and Ji/Ji−1 ∼= En−i,i∞ , 1  i  n. Since all these modules are finitely
generated vector spaces over a field, they are free. In particular,
Hn(E;F )= J0 ⊕
n⊕
i=1
(Ji/Ji−1)=
n⊕
i=0
En−i,i∞ .
And so tr(gn)=∑ni=0 tr(γ n−i,i∞ ). It follows that
λ(g)=
∑
n
(−1)n tr(gn)=∑
n
(−1)n
n∑
i=0
tr
(
γ n−i,i∞
)= λ(γ∞). ✷
The result in [5] was generalized to singular codimension-2 decompositions, due to a
special property of the Euler characteristic. Can our result above can be so generalized?
Such a result would be of use in the study of the structure of Lefschetz fibrations on
symplectic manifolds. We conjecture that the answer is ‘yes’ and that, in fact, the result
can be generalized to any proper, closed surjection f whose graded Leray sheaf over Q is
locally trivial off of a locally finite subset of its domain.
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